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Abstract 
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1 Introduction 

Giinther's paper [2Tj gives a geometric Hamiltonian formalism for field theories. The crucial de- 
vice is the introduction of a vector-valued generalization of a symplectic form, called a polysym- 
plectic form. One of the advantages of this formalism is that one only needs the tangent and 
cotangent bundle of a manifold to develop it. In [37J Giinther's formalism has been revised and 
clarified. It has been shown that the polysymplectic structures used by Giinther to develop his 
formalism could be replaced by the /c-symplectic structures defined by Awane O [5] . So this 
formalism is also called /c-symplectic formalism. 

The A:-symplectic formalism is the generalization to field theories of the standard symplectic 
formalism in Mechanics, which is the geometric framework for describing autonomous dynamical 
systems. In this sense, the A;-symplectic formalism is used to give a geometric description of 
certain kinds of field theories: in a local description, those theories whose Lagrangian does 
not depend on the base coordinates, denoted by {t^, . . . (in many of these, the space-time 
coordinates); that is, the fe-symplectic formalism is only valid for Lagrangians L(g*,i;^) and 
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Hamiltonians H{q^,pf) that depend on the field coordinates and on the partial derivatives of 
the field v\, or the corresponding moment pf. A natural extension of this formalism is the so- 
called /c-cosymplectic formalism, which is the generalization to field theories of the cosymplectic 
formalism geometrically describing non-autonomous mechanical systems (this description can be 
found in |32l [33] ) . This formalism is devoted to describing field theories involving the coordinates 
(t^, . . . ,t^) on the Lagrangian L(t"^, g*, ?;^) and on the Hamiltonian H{t^,q^,pf). 

Let us remark here that the polysymplectic formalism developed by Sardanashvily [TH], based 
on a vector-valued form defined on some associated fiber bundle, is a different description of 
classical field theories of first order than the polysymplectic (or fc-symplectic) formalism proposed 
by Giinther (see also [22j for more details). We must also remark that the soldering form on the 
linear frames bundle is a polysymplectic form, and its study and applications to field theory, 
constitute the n-symplectic geometry developed by L. K. Norris in [39 t [50 1 WT j H2 | H3]. 

An alternative way to derive the field equations is to use the so-called multisymplectic for- 
malism, developed by Tulczyjew's school in Warsaw (see [23l [HI [25l [H]), and independently 
by Garcia and Perez- Rendon [111 I12j and Goldschmidt and Sternberg [14]. This approach was 
revised by Martin [351 IM] and Gotay et al [151 El [13 HI] and more recently by Cantrijn et al 
[TIE]. 

The aim of this paper is to study symmetries and conservation laws on first-order clas- 
sical field theories, both for the Lagrangian and Hamiltonian formalisms, using Giinther's k- 
symplectic description, and considering only the regular case. The study of symmetries of k- 
symplectic Hamiltonian systems, is, of course, a topic of great interest. The general problem of 
a group of symmetries acting on a A;-symplectic manifold and the subsequent theory of reduction 
has recently been analyzed in [37j. Here, we recover the idea of conservation law or conserved 
quantity, and state Noether's theorem for Hamiltonian and Lagrangian systems in fc-symplectic 
field theories. Thus, a large part of our discussion is a generalization of the results obtained 
for non-autonomous mechanical systems (see, in particular, ^27j, and references quoted therein). 
We further remark that the problem of symmetries in field theory has also been analyzed using 
other geometric frameworks, such as the multisymplectic models (see, for instance, [101 118^ [28]. 

The organization of the paper is as follows: Sections 2 and 3 are devoted to the study 
of symmetries and conservation laws in Hamiltonian fc-symplectic field theory and Lagrangian 
/c-symplectic field theory, respectively. In particular, in Sections 2.1 and 2.2 we develop the 
Hamiltonian formalism. So, in Section 2.1 the field theoretic phase space of moments is in- 
troduced as the Whitney sum {T^)*Q of A;-copies of the cotangent bundle T*Q of a manifold 
Q. This space is the canonical example of polysymplectic manifold introduced by Giinther 
and fc-symplectic manifolds introduced by Awane [31 [31 [5]. In Section 2.2, the Hamiltonian 
/c-symplectic formalism is described. In Section 2.3 we obtain the main results of this Section: 
after introducing different kinds of symmetries and their relation, we can associate to some of 
them (the so-called Cartan symmetries) a conservation law (Noether's Theorem). 

Concerning the Lagrangian formalism (Section 3), the field theoretic state space of velocities 
is introduced in Section 3.1 as the Whitney sum T^Q of fc-copies of the tangent bundle TQ of a 
manifold Q. This manifold has a canonical fe-tangent structure defined by k tensors fields of type 
(1, 1). The fc-tangent manifolds were introduced in de Leon et al. [29[l30j. and they generalize the 
tangent manifolds. A geometric interpretation of the second order partial differential equations 
is also given. Here we show that these equations can be characterized using the canonical k- 
tangent structure of T^Q, which generalizes the case of Classical Mechanics. The Lagrangian 
formalism is developed in Section 3.2, where the canonical A;-tangent structure of T^Q is used 
for its construction instead of the Legendre transformation as in Giinther [21j . In Section 3.3 we 
discuss symmetries and conservation laws in the Lagrangian case, obtaining results analogous 
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to those in Section 2.3, including the corresponding Noether's theorem. Finahy, in Sections 3.4 
and 3.5 we introduce the notion of gauge equivalent Lagrangians, showing that they give the 
same solutions to the Euler-Lagrange equations. This leads to the introduction of the so-called 
Lagrangian gauge symmetries, and to stating a version of the Noether theorem for a particular 
class of them. 

All manifolds are real, paracompact, connected and C°°. All maps are C°°. Sum over crossed 
repeated indices is understood. 



2 Hamiltonian /c-symplectic case 



2.1 Geometric elements 



2.1.1 The cotangent bundle of A; -covelocities of a manifold. Canonical structures 



Let Q be a differentiable manifold of dimension n and Tq : T*Q — > Q its cotangent bundle . We 

denote by {T^)*Q = T*Q(B - ^ ■ ®T*Q the Whitney sum of k copies oiT*Q, with projection map 
T*: {TlYQ^Q, T* («!„..., a,, J =g. 

The manifold {T^)*Q can be canonically identified with the vector bundle J^{Q, M.^)o of k^- 
covelocities of the manifold Q, the manifold of 1-jets of maps a: Q — > M'^ with target at G M*^ 
and projection map r* : J^((5, M*'')o Q, ''"*(ig,o^) ~ 9' ^^^^ 

J^{Q,R% = T*Q®.k.®T*Q 
jl^a = {da^{q),...,d(J^{q)) 

where = tta o a : Q — M is the A-th component of a, and TT^ : M'' ^ M are the canonical 
projections, 1 < A < k. For this reason, (T^)*Q is also called the bundle of k^ covelocities of 
the manifold Q. 

If (g*) are local coordinates on [/ C then the induced local coordinates {q^,Pi), 1 < i < n, 
on T*U = (tq)^^(C/), are given by 

/ d 

q\aq) = q\q), Pi{aq) = Og ( ^ 
and the induced local coordinates {q\pf), 1 < i < n, 1 < A < k, on {T^)*U = (r*)^^(C/) are 
q'{ai^,...,ak^) = q\q), pf{a^,...,ak^) = aA, f ^ 



If Tq-. T*Q — > Q is the canonical projection, the Liouville 1-form 6 S Q^{T*Q) is given by 

0(ag)(X„J = ag((r5),(ag)(X„J), a, G T*Q, G T^,{T*Q), 

then Lo = —d9 is the canonical symplectic structure in T*Q, and therefore we define 

u;^ = {TXyio, l<A<k, 

where : {T^)*Q T*Q is the canonical projection on the ^^''-copy T*Q of {T^)*Q. Of course, 
uj"^ = —d9^, where 9^ = {t^)*9. Thus, the canonical k-symplectic structure on {T^)*Q is given 
by the family (w^, V;l<A<k),in {T^)*Q, where V = ker(r*)* (see P EJ [37]). 
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As the canonical symplectic structure on T*Q is locally given by a; = — d(j3j dg*) = dg* A dpi 
then the canonical forms cj^ in (T^)*Q are locally given by 



= -d^^ = -d{pt dq') = dq' A dpf . (1) 

It is interesting to recall that the canonical poly symplectic structure in (T^)*Q introduced 
by Giinther [21] is the closed non-degenerate M'^- valued 2-form (D = (8) r^, where {ri, . . . , r^} 
denotes the canonical basis of M.^. 



2.1.2 Complete lift of diffeomorphisms and vector fields from Q to {T^)*Q 

Now, let ip: Q ^ Q he a diffeomorphism, then the cotangent map T*Lp: T*Q T*Q is given 
by T*ip{aq) = agO ip^{ip~^{q)). We define the canonical prolongation of tp to {T^)*Q as the map 
(Ti)V : {TlYQ - {TlYQ given by 

(^fc • • • 1 afcg) = • • • , ^'Xafcg)) , for (ai^, . . . , akq) G {TlYQ, qeQ. 



If Z is a vector field on Q, with local 1-parametric group of transformations hg'. Q ^ Q then 
the local 1-parametric group of transformations (T^)*(/is) : {T^YQ ~^ {^lYQ generates a vector 



d 

field Z'-'* on {T^YQ^ which is called the canonical lift of Z to {T^YQ- Z = Z*^— r, the local 
expression of Z^* IS 



The canonical liftings or prolongations of diffeomorphisms and vector fields on the base 
manifold Q to (T^YQ have the following properties: 



Lemma 1 1. Let ip: Q Q be a diffeomorphism and let $ = (r^)*(^ be the canonical 
prolongation of (p to [T^YQ- Then: 

(i) ^*e^ = , (ii) ^*u;^ = uj^ . 
2. Let Z S 3£(Q), and let Z^* be the canonical prolongation of Z to [T^YQ- Then 

(i) uz^*)e^ = , (m) l{z^*)^^ = . (2) 

{Proof) 

1. Part (i) is a consequence of the commutation rule o (T^)*(^ = T*p o t'^. In fact, 

[{TlY^yo^ = [{TlY^Y{{rXYO) = [{rAY°{TtY^ro = {T*y^°rXYe 
= {TXY{iT*ipYO) = {TXYo = e^ , 

where we have used that {T*ipYO = 6 (see [Ij, pag. 180). 
Part (ii) is a direct consequence of (i). 

2. Since the infinitesimal generator of the complete lift Z^* of Z is the canonical prolongation 
of the infinitesimal generator of Z, from the first item we conclude that ^ holds. 
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2.1.3 fc-vector fields 

Let M be a differentiable manifold. Denote by T^^M the Whitney sum TM® . ®TM of k 
copies of TM, with projection r : T^M — > M, T{viq, . . . , Vkq) = q- 

Definition 1 A /c-vector field on M is a section X: M — > of the projection r. 

Since T^M is the Whitney sum TM® . ^ . ®TM of k copies of TM, we deduce that a /c- vector 
field X defines a family of k vector fields Xi, . . . , G X(M) by projecting X onto every factor; 
that is, Xa = ta o X, where ta '■ T^Q TQ is the canonical projection on the A^'^-copy TQ of 
TlQ. 

Definition 2 An integral section of the k -vector field X = passing through a 

point q G M, is a map i^: Uo CR'' ^ M, defined on some neighborhood Uq ofO^M^, such that 



XAim) 



for every t G Uq, 1 < A < k 



or. 



; what is equivalent, ip satisfies that X oip = i/j^^^ where iIj^^^ is the first prolongation of ip to 



TIM defined by 



t 



TlM 



^^^\t)=jl^t^{Mt) 



d_ 

dt^ 



■ ■ ■,tp*it) 



_d_ 



A k-vector field X = {Xi, . . . ,Xk) on M is integrable if there is an integral section passing 
through every point of M . 



In local coordinates, we have 

i^^'Ht\ ...,t^) = (^i;\t\ t% ^it\..., t'^)) , l<A<k,l<i<n. (3) 

2.2 Hamiltonian formalism: /c-symplectic Hamiltonian systems 

Let H : {T^)*Q ^ M be a Hamiltonian function. The family {{T^)*Q,uj^, H) is called a k- 
symplectic Hamiltonian system. The Hamilton-de Donder-Weyl equations for this system are 
the following set of partial differential equations 



dH 
9? 



^ dt^ 



where ip: 



A=l 





dH 






t 


dpf 


m 





l<i<n, 1< A<k. 



(4) 



{TlYQ, ij{t) = (0), is a solution. 



We denote by X]^{iT^)*Q) the set of /c- vector fields X = {Xi, Xk) on {T^)*Q, which are 



solutions to the equations 



iiXA)uJ^ = dH . 



(5) 



A=l 



Then, if X € ^h{{T^)*Q) is integrable, and i/j: Mf' ^ [T^ TQ is an integral section of X, then, 
from ([T]), we obtain that 'ip{t) = (t) , ipf {t)) is a solution to the system ([!]). 
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2.3 Symmetries and conservation laws 

Let {{T^)* Q , oj^ , H) be a fc-symplectic Hamiltonian system, and its associated Hamilton-de 
Bonder- Weyl equations (H]). 

First, following [Sj, we introduce the next definition : 



Definition 3 A conservation law (or a conserved quantity^ for the Hamilton-de Donder-Weyl 
equations ^ is a map = {TlYQ such that the divergence of 

jr o = (^1 o V^, . . . , o V^) : ;7o C M'' ^ 

is zero for every solution ip to the Hamilton-de Donder-Weyl equations that is 

^ dt^ 



Proposition 1 If T = {J-'^, . . . jJ-'^) : {T^)*Q — > M'^ zs a conservation law then for every inte- 
grable k -vector field X = {Xi, . . . ,Xk) in X^((T^)*(5), we have that 



k 

UXa)T^ = . 

A=l 



(Proof) If X = {Xi, ...,Xk) G X^((T^i)*Q) is integrable and i;:R'' ^ {Tl)*Q is an integral 
section of X, then the following relation holds for every t € M'' and ^ = 1, . . . , A;, 



XA{m)=Mt)[^ 



and therefore 



A=l A=l *^ A=l 



dt^ 



since -0 is a solution to the Hamilton-de Donder-Weyl equations ([!]). 



Remark: The case k = 1 corresponds to Classical Mechanics. In this case we know 
that J-" is a constant of the motion if and only if L{Xh)J' = 0, where Xh is the 
Hamiltonian vector field defined by i{X}{)oo = dH . 

Definition 4 1. A symmetry of the k-symplectic Hamiltonian system {{T^)*Q,u>'^, H) is a 
difjeomorphism <I>: (T^)*Q {T^)*Q such that, for every solution ip to the Hamilton-de 
Bonder- Weyl equations we have that ^ o tp is also a solution to these equations. 

In the particular case that ^ = {TlYif for some ip: Q ^ Q (i.e.; ^ is the canonical lifting 
of some difjeomorphism in Q ), the symmetry ^ is said to be natural. 

2. An infinitesimal symmetry of the k-symplectic Hamiltonian system {{T^)*Q,u!^, H) is a 
vector field Y G X{{T^)*Q) whose local flows are local symmetries. 

In the particular case where Y = Z'^'* for some Z G ^{Q), (i.e.; Y is the canonical lifting 
of some vector field in Q), the infinitesimal symmetry Y is said to be natural. 
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As a consequence of the definition, all the results that we state for symmetries also hold for 
infinitesimal symmetries. 

A first straightforward consequence of definitions [3] and H] is: 

Proposition 2 {T^)*Q — > (T^)*Q is a symmetry of a k-symplectic Hamiltonian system 

andT = (J^^ . . . , J^^) : (T^^)*Q -^M!^ isa conservation law, then so is<^*T = (^>*J^\ . . .,^*J^''). 



There is a class of symmetries which play a relevant role as generators of conserved quantities: 

Proposition 3 Let ^>: {T^YQ {T^TQ be a diffeomorphism. If 

^>*a;^ = , 1 < A< k and = H (up to a constant), 

then ^ is a symmetry of the k-symplectic Hamiltonian system {{T^)*Q,u>^, H). 

(Proof) We must prove that, ii^-.UoCR''^ [TlYQ is a solution to the Hamilton-de Donder- 
Weyl equations (H]), then $ o t/; is also a solution, that is. 



(a) 



dH 



($oV>)(t) 



E 



dt^ 



dH 



dpi 



A=l 

In local coordinates, we write the diffeomorphism $: {T^)*Q — > {T^)*Q as follows 



Hq^,pf) = {<^\q',pf),<^tiq^,pf)) • 



The condition ^*ui^ = uj^ implies 












dq^ 


to dq^ 






dpf 


n,dp'^ 






dqi 


w dp^ 



dqj 



(6) 



Furthermore, since $ is a diffeomorphism, $ o $ ^ = Id^rpiyQ. Applying the chain rule we 
obtain: 



5] 5^ 



dq^ 



dpi 



-\\A 



dqi 

a(^>o$-i)f 



P 



dqi 



$-i(u)) dq'' 



dqi 



dpf 



w dpf 
d<^>' 

+ 



$-i(to) dq^ 



dq^ 
d^^ 



d{^ 



-l\k 



dq'^ 



^-^(w) dq^ 



dpj 



+ 



A 



-f-H"') dpf 



-Hw) dp) 



p 



+ 



dpi 

d^^ 



1\B 



d{<!>-') 



dpi 



dq^ 
0{'^-')l 



dp J 



c 



(7) 



(8) 
(9) 
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From the equations 



we obtain 



"B 



9(^-1)/ 



dq' 

From the condition = H written as follows 



9Pk 



■'C 



dq^ 



(10) 
(11) 



Hiq^,pf) = {H o^){ql ,pf) = H{^\q^ ,pf),^f{q^ ,pf)) 



we obtain, for every w S {T^)*Q 

dH 
dql 



dH 



dpi 



dH d¥ 

dq^ *{«)) dqi 



+ 



dH 



dpf dqi 



(12) 



dH 
dq^ 



Hw) dpf 



+ 



dH 



d^ 



B 



dpf fi>{w) dpf 



Applying the chain rule, by a straightforward computation one proves (a) as consequence of dH, 
®, ©, dSD, (HH) and ([H]), and taking into account (gD, (HH) and ([l2]), one proves (6). ■ 

The case k = 1 corresponds to Classical Mechanics. In this case the above result can be 
found in 



Taking into account this proposition, we introduce the following definitions: 

Definition 5 1. A Cartan (or Noether) symmetry of a k-symplectic Hamiltonian system 
{{T^)*Q,uj^,H) is a dijjeomorphism ^>: {T^)*Q ^ {Tl)*Q such that, 

(a) (^*uj^ = uj^, for A = 1, . . . ,k. 

(b) ^*H = H (up to a constant). 

If ^ = {T^)*Lp for some ip: Q ^ Q, then the Cartan symmetry <1> is said to be natural. 

2. An infinitesimal Cartan (or Noether) symmetry is a vector field Y € X{{T^)*Q) satisfying 
that: 



(a) LiY)uj^ = 0, forA = 1,, 

(b) UY)H = 0. 



.k. 



If Y = Z'^* for some Z € X{Q), then the infinitesimal Cartan symmetry Y is said to be 
natural. 

Furthermore, we have that: 



Proposition 4 //<!>: {T^)*Q (T^YQ is a Cartan symmetry of a k-symplectic Hamiltonian 
system {{T^)*Q,uj^,H), andX = {Xi, . . . ,Xk) e X%{iT^)*Q), i/ien = ($,Xi, . . . , $,Xfc) G 
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{Proof) Let {Tl)*Q {T^)*Q be a Cartan symmetry. For every X = {Xi,...,Xk) G 
^hUT^TQ) we calculate 

k k k 

A=l A=l A=l 

k 

hence, as <I> is a diffeomorphism, this is equivalent to demanding that {(^^Xa)^}^ — dH = 0, 

A=l 

and therefore = . . . , ^,Xk) G X^((T1)*Q). ■ 



In order to state a geometrical version of Noether's theorem for A:-symplectic systems, we 
restrict our study to the infinitesimal Cartan symmetries. 

First, it is immediate to prove that, if Yi,Y2 € X{{T^)*Q) are infinitesimal Cartan symme- 
tries, then so is [Y'i,y2]- 

In addition, a highly relevant result is the following: 

Proposition 5 Let Y € X{{T^)*Q) be an infinitesimal Cartan symmetry of a k-symplectic 
Hamiltonian system {{T^)* Q , lo"^ , H) . Then, for A = 1,. . . ,k, and for every p € {T^)*Q, there 
is an open neighbourhood Up 9 p, such that: 

1. There exist f^ G C°°{Up), which are unique up to constant functions, such that 

= d/^, (on Up) . (13) 

2. There exist G C°°{Up), verifying that L{Y)9^ = dC^, on Up; and then 

f^ = i{Y)9^ - C"^, (up to a constant function, on Up) . (14) 

(Proof) 

1 . It is a consequence of the Poincare Lemma and the condition 

= L(y)w^ = iiY)dLO^ + di(y)aj^ = di{Y)uj^ . 

2. We have that 

dL{Y)e^ = L{Y)d9^ = -L{Y)uj^ = 

and hence h{Y)0^ are closed forms. Therefore, by the Poincare Lemma, there exist G 
C°°{Up), verifying that L{Y)e^ = dC^, on Up. Furthermore, as ([l3]) holds on Up, we obtain 
that 

dC^ = L{Y)e^ = di{Y)e^ + i{Y)d9^ = di{Y)9^ - i{Y)uj^ = d{i{Y)e^ - f^} 
and thus (HD holds. ■ 



Remark: As a particular case, those Cartan symmetries $ : {T^)*Q — > {T^)*Q (resp. 
infinitesimal Cartan symmetries Y G X{{T^)*Q)) verifying that ^*9^ = 9^ (resp. 
L(Y)9^ = 0), for a = 1, ... , k, are usually called exact. It is obvious that natural 
Cartan symmetries are exact. 

Observe that, for exact infinitesimal Cartan symmetries we have that f^ = — i{Y)9^. 
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Finally, the classical Noether's theorem of Hamiltonian mechanics can be generalized to 
/c-symplectic field theories as follows: 



Theorem 1 (Noether's theorem): If Y G X{{T^)*Q) is an infinitesimal Cartan symmetry of 
a k-symplectic Hamiltonian system {{T^)*Q,oj^,H). Then, for every p G {T^)*Q, there is an 
open neighborhood Up 3 p such that the functions f^ = i{Y)6^ — 1 < A < k, define a 
conservation law f = (/^, . . . , f''). 



d 

(Proof) Let Y G X{{TI)*Q) with local expression Y = + Y/^^ , then from 1^ we 

dpf ' * dq^ 



have 



d_ 

dpf 



Y'5' 



i,A _ df^ 



.Y,^='dL_ . (on Up) 



Let ip: 



{Tl)*Q be a solution to (g]), then using the last equalities we obtain 



E 

A=l 



dif^o^^) 



dt^ 



QfA Q^i 



Y^'JL^y 



dp^ 



t ^ dpf 
dH 



B 



■m dt^ 



-Y- 



A=l 



dt^ 



LiY)H = . 



In the case k = 1, the above theorem (Noether's Theorem in the Hamiltonian formalism) 
can be found in 



Furthermore, we have that: 



Theorem 2 (Noether): If Y ^ X{{T^)*Q) is an infinitesimal Cartan symmetry of a k-symplectic 
Hamiltonian system {{T^)* Q , lo"^ , H) . Then, for every X = {Xi,...,Xk) G X^((ri)*Q), we 
have 

k 

^ L{XA)f^ = (on Up) . 
A=l 



(Proof) If y G X{(T^)*Q) is a Cartan-Noether symmetry, then, on Up, taking p3|) into account 
we obtain 



A=i 



A=i 



Y,L{XA)f^ = Y.(^i{XA)f^ + i{XA)df^) = Y,ii^A)i{Y)co^ 
1 A=l 

k 

(y) i{XA)u;^ = - i{Y)dH = - L{Y)H = 



A=l 



Noether's theorem associates conservation laws to Cartan symmetries. However, these kinds 
of symmetries do not exhaust the set of symmetries. As is known, in mechanics there are sym- 
metries which are not of Cartan type, and which also generate conserved quantities (see |31] . 
|45j . [46], for some examples). These are the so-called hidden symmetries. Different attempts 
have been made to extend Noether's theorem in order to include these symmetries and the corre- 
sponding conserved quantities for mechanical systems (see for instance [47J) and multisymplectic 
field theories (see [lO]). 
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3 Lagrangian /c-symplectic case 
3.1 Geometric elements 

3.1.1 The tangent bundle of fc^-velocities of a manifold. Canonical structures 

Let tq: TQ — > Q be the tangent bundle of a Q. Let us denote by T^Q the Whitney sum 
TQ(B - ^ ■ (BTQ of k copies of TQ, with projection r : T^Q — > Q, T{viq, . . . , Vkq) = q- 

T^Q can be identified with the manifold Jq(M'^,Q) of the /c^-velocities of Q; that is, 1- 
jets of maps u: M'^ — > Q, with source at G M.^ and with projection map r: T^Q —>■ Q, 
TOo.g-^) = ^(0) = T, that is, 

4(M^g) = TQ®.^.(S)TQ 

where q = (t(0), and VAq = c*(0) ^ • The manifold T^Q is called the tangent bundle of 

-velocities of Q [38J. 

If (g*) are local coordinates on [/ C Q then the induced local coordinates {q^,v^), 1 < i < n, 
in TU = Tq^{U) are given by q^{vq) = q^{q), v\vq) = Vq{q^), and the induced local coordinates 
1 < i < n, I < A < k, in T^U = t~^{U) are given by 

q'iviq, Vkq) = q\q), VAi^lq, • • • , Vkq) = VAq{q') ■ 

For a vector Zq G TqQ, and for yl = 1, . . . , fc, we define its vertical A-lift, (Zq)^"^, at the 
point {viq, . . . ,Vkq) G T^Q, as the vector tangent to the fiber T~^{q) C T^Q, which is given by 



iZg)^'^{viq,...,VA) = -^{Vlq,. . . ,VA-lq,VAq + sZq, VA+lq, ■ ■ ■ , Vkq)\s=0 



In local coordinates, if Xg = a „ 

. d 



, _d_ 

dq^ 



, then 

g 



iZq)^^{viq,...,Vkq)=a'^ ^ ^. (15) 



The canonical k-tangent structure on T^Q is the set (£'^,...,5'^) of tensor fields of type 
(1,1) defined by 

S^{wq){Z^^) = {n{wq){Z^J)^^{wq) , for Wq G T^Q, Z^^ G T^,{T^Q); A = l,...,k. 
In local coordinates, from (jlSp we have 

S'' = j^(^dq\ (16) 

A ^ 

The tensors S can be regarded as the (0, . . . , 0, 1, 0, . . . , 0)-lift of the identity tensor on Q 
to T^Q defined in [38]. In the case = 1, 5^ is the well-known canonical tangent structure of 
the tangent bundle, (see P 13 [201 [26] ) . 
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Finally, we introduce the Liouville vector field A € X(T^Q), which is the infinitesimal 
generator of the following flow 

tp-.RxTlQ — >tIQ , ip{s,vig,...,Vk^) = {e''v^,...,e''vkg), 
and in local coordinates it has the form 

A is a sum of vector fields Ai + . . . + A/;, where each A^ is the infinitesimal generator of 
the following flow 

i}^:RxTlQ — >tIQ , ilj'^{s,vig,... ,Vkg) = {vi^,. . . ,VA-i^,e''vAg,VA+ig,... ,Vkg) (17) 
and, in local coordinates, each A^ has the form 

^^ = ^A7rr ' for A = 1,..., A: fixed. (18) 

3.1.2 Complete lift of diffeomorphisms and vector fields from Q to T^Q 

Let ip: Q — > <5 be a differentiable map, then the canonical prolongation of tp to T^Q is the induced 
map T^if : T^Q T^Q defined by T^ipij^a) = jl{ip o a); that is, for vi^, ...,Vkq& TgQ, q e Q. 

Tk^iviq, Vkg) = (V?* {q)viq, ...,ip^ {q)Vkq) ■ 

If Z is a vector field on Q, with local 1-parametric group of transformations /ig : Q — > Q, 
then the local 1-parametric group of transformations T^{hs): T^Q — > T^Q generates a vector 

d_ 

expression is 





field Z^' on T^Q, which is called the complete lift of Z to T^Q- If where Z = Z"^-^, its local 



d i dZ^ d 



dq' ' dqj dv\ ' 
Then, we have the following property: 

Lemma 2 Let ^ = T^^p '■ T^Q '^kQ canonical prolongation of a diffeomorphism 

if : Q ^ Q. Then 

(a) o5^ = 5^o$, , (b) $,Aa = Aa , for^ = l,...,A; . 
(Proof) (a) It is a direct consequence of local expression of 5"^ and the local expression of T^(p, 

(b) It is a consequence of T^ipo ij:^ = tp^ o T^ip, where ipt' the local 1-parameter groups 
of diffeomorphisms (fT7|) generated by A^. ■ 

This means that canonical liftings of diffeomorphisms and vector fields preserve the canonical 
structures of T^Q. 
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3.1.3 Second-order partial differential equations in T^Q 

The aim of this subsection is to characterize the integrable /c- vector fields on T^Q such that 
their integral sections are first prolongations (j)^^^ of maps M'^ — > Q. 

Remember that a fc- vector field in T^Q is a section V: T^Q — > T^(T^Q) of the canonical 
projection r^-ig: T^{T^Q) T^Q. Then: 

Definition 6 A second order partial differential equation (sopde) is a k-vector field T = 
(Fi, . . . jFfc) in T^Q which is a section of the projection T^t: T^{T^Q) — T^Q; that is, 

tIt o r = id^iQ , 

or, what is equivalent, 

n{wq){TA{wq)) =VAg , for Wq = {vi^,...,Vkg) eT^Q, A = l,...,k . 

In the case k = 1, this is the definition of a second order differential equation (sode). 

From a direct computation in local coordinates we obtain that the local expression of a 
SOPDE r = (Fi, . . . ,Ffc) is 

TMq\v\)=v\^ + (TAyB^ , l<A<k , (F^r^ G C-(riQ) . (19) 

IfV': ^ T^^g is an integral section of r = (Fi, F^), locally given by ^/;(t) = (V'* (t) , V's (*) ) > 
then from Definition [2] and (|19|) we deduce 



^Ait) , ^=iTA)Um)- (20) 



dt^ 

From ([3]) and (pOj) we obtain the following proposition. 

Proposition 6 Let T = (Fi,...,Ffc) be an integrable SOPDE. If ip is an integral section of T 

then tp = (p^^\ where (j)^^^ is the first prolongation of the map = r o -0: M^" ^ T^Q ^ Q, and 
(f) is a solution to the system of second order partial differential equations 

-^^it) = {TaYb {^^'it), |^(t)) l<i<n;l<A,B<k. (21) 

Conversely, if (p : ^ Q is any map satisfying (flij). then (p^^^ is an integral section of T = 

(ri,...,Ffc). 

From ([2T]) we deduce that if F is an integrable SOPDE then (F^)^ = O^bYa for A,B = 
l,...,k. 

The following characterization of SOPDEs can be given using the canonical A;-tangent structure 
of T^iQ (see (US]), ^ and (USD): 

Proposition 7 A k-vector field T = (Fi, . . . ,Ffc) on T^Q is a SOPDE if, and only if, S^{Ta) = 
A^, for all A : 1 . . . ,k . 
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3.2 Lagrangian formalism: /c-symplectic Lagrangian systems 

In Classical Mechanics, the symplectic structure of Hamiltonian theory and the tangent structure 
of Lagrangian theory play complementary roles (see Refs. [13,15,16]). In this subsection, we 
recall the Lagrangian formalism developed by Giinther [2T] using the polysymplectic structures. 
Here we can see how the polysymplectic structures and the /c-tangent structures also play a 
complementary role in field theory. 

Let L: TlQ ^ M be a La grangian. The generalized Euler-Lagrange equations for L are: 



k 



d 



A=l " ^'""^ 



dL 



t V dv''. 



dL 



) = B . "i«.«)) = Si 



whose solutions are maps -0: M*^ — > T^Q- Let us observe that 'ip{t) = (j)^^\t), for some <j) = Toil). 

We introduce a family of 1-forms Of^ on T^Q, ^ < A < k, using the fe-tangent structure, as 
follows 

et = dLoS^ l<A<k , (23) 

and hence we define u)f^ = —dOf^. 

In local natural coordinates we have 
riT 

et = TTTdq' (24) 



dL \ d^L , , . d^L 



= dq'hd[-^]= "^.^ . dg^ A dq^ + " ^ dq' A dv^r, . (25) 



We also introduce the Energy lagrangian function El = A(L) — L G C°°{T^Q), whose local 
expression is 

r)T 

El = v\—-L. (26) 
Then, the family {T^Q,u)t, Ei) is called a k-symplectic Lagrangian system. 



Definition 7 The Lagrangian L: T^Q — > M is said to be regular if the matrix | q j 



not singular at every point ofT^Q. 



IS 



Remark: Let us observe that the condition L regular is equivalent to (w^, . . . ,a;^) 
being a polysympletic form and {uj\, . . . ,ijj\\V), where V = Kerr^,, is a fe-symplectic 
structure (see [37]). 

This A;-symplectic (polysymplectic) structure, associated to L, was also introduced by Giinther 
2Tj using the Legendre transformation. 



The Legendre map FL: T^Q (T^YQ was introduced by Giinther, [21] and was rewritten 
in [37| as follows: if {vi^,. . .,VkJ S {Tl)qQ, 

[FL{vi^,...,Vk^)]^{Uq) = ^ ^^^L{VI^,...,VA^ +SUg,...,Vk^) , 
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for each A = 1, . . . ,k and Uq € TqQ. Locally FL is given by 

BT 

FL{q\v\) = {q\—). (27) 

In fact, form (|24p and (|27p .we easily obtain the following Lemma. 

Lemma 3 For every I < A<k, uof^ = {FL)*uj^, where {uj\ . . . ,uj^) are the 2- forms of the 
canonical polysymplectic structure. 



Then, from (I27|) we obtain the following Proposition. 

Proposition 8 Let L be a Lagrangian. The following conditions are equivalent: (1) L is 
regular. (2) FL is a local difjeomorphism. (3) {ujj^, . . . ,lo^) is a polysimplectic structure on 
TlQ. 

As in the Hamiltonian case, consider a /c-symplectic Lagrangian system {T^Q,ujf^, El), and 
denote by X\{TlQ) the set of A:-vector fields T = (Fi, . . . ,Tk) in T^Q, which are solutions to 
the equation 

k 

Y,i{'^A)u:t = dEL. (28) 
A=l 



If each Va is locally given by 



^A = {TAr4:- + {TArB-^ 



dqi ' ^'"dv 



B 



then r = (Fi, . . . , F^,) is a solution to ([28|) if, and only if, (F^)* and (XaYb satisfy the system of 
equations 

/ d'^L d^L \ _ d^L _ , d'^L dL 



i^Ay-——{rAyB = v\- 



dq^dv^^ dqidv\J ' dv^dv^^ dq^dv^^ dq^ 

(^a) = —TT—^A ■ 



If the Lagrangian is regular, the above equations are equivalent to the equations 

d'^L j d'^L j _ dL 



< + TrT^i^Ays = hl (29) 



(F^)^ = v\ , l<i<n,l<A<k. (30) 



Thus, if L is a regular Lagrangian, we deduce: 

• If r = (Fi, . . . , Ffc) is a solution to ([28]) then it is a SOPDE, (see (pO]) ). 



Equation (j29p leads to define local solutions to (j28p in a neighborhood of each point of 
T^Q and, using a partition of unity, global solutions to ([28]) . 

Since T = (Fi,...,F;fc) G X\{T^Q) is a SOPDE, from Proposition [6] we know that, if it 
is integrable, then its integral sections are first prolongations i;^*^^-* : R'^ — > T^Q of maps 
^: R'^ ^ Q, and from ([29]) we deduce that i;^ is a solution to the Euler-Lagrange equations 
(I22D. 
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• In the case A; = 1, the equation ([25]) is ^^|^L = dEi, which is the dynamical equation of 
the Lagrangian formahsm in Mechanics. 

Throughout this paper, we only consider regular Lagrangians. 
3.3 Symmetries and conservation laws 

Of course, regarding these topics, of course, all the definitions stated in Section [2T3l for the Hamil- 
tonian case are applied to the Lagrangian case, just considering {T^Q,uj^, Ei) as a Hamiltonian 
system with Hamiltonian function E^. In particular, we can define: 

Definition 8 A map T = {T^ , . . . ^ T^Q — > M*^ is a conservation law (or a conserved 
quantity ) for the Euler- Lagrange equations < f£2|) if the divergence of T o<f) = [J^^ o (/)(^) , . . . , !F'' o 
(j)Wy, m'^ is zero, for every ^: M*^ — > Q solution to the Euler- Lagrange equations l2^) : 

that is 

dt^ 

A=l 

Therefore, ii T = {J-^, . . . , T'') : T^Q — > M'^ is a conservation law then, for every integrable 
A;-vector field T = (Ti, . . . , Tk) in XHT^Q), we have that 

k 

^ UTa):f^ = . 

A=l 

Definition 9 LA symmetry of the k-symplectic Lagrangian system {T^Q,uj^, El) is a 
diffeomorphism <I>: T^Q — > T^Q such that, for every solution (j) to the Euler- Lagrange 
equations (2^) . we have that $ o cf)^^^ = p^^\ where p: M*^ — >• Q is also a solution to these 
equations. 

In the particular case that ^ = T^cp for some ip: Q ^ Q (i.e.; ^ is the canonical lifting of 
some diffeomorphism in Q ), the symmetry $ is said to he natural. 

2. An infinitesimal symmetry of the k-symplectic Lagrangian system {T^Q, w^. El) is a vector 
field Y € X{T^Q) whose local flows are local symmetries. 

In the particular case that Y = Z'^ for some Z € ^.{Q), (i.e.; Y is the canonical lifting of 
some vector field in Q ), the infinitesimal symmetry Y is said to he natural. 

As in the Hamiltonian case, we have that: 

Proposition 9 Let $: T^Q — > T^Q he a diffeomorphism. If ^ satisfies 

$*tjf = cjf , I < A< k and ^*El = El (up to a constant), 
then ^ is a symmetry of the k-symplectic Lagrangian system {T^Q,uj^,El)- 

(Proof) We must prove that, if (/): C/q C ^ Q is a solution to the Euler-Lagrange equations 
(I22|) . then <I)o(^(^) is also a solution. However, it is well-known that this is equivalent to proving 
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that FL o $ o : JJq C 
dH); that is 



{T^)*Q is a solution to the Hamilton-de Bonder- Weyl equations, 



dH 



dpf 



(FLo$o0{i))(t) 



(FLo<I>o<^(i))(t) 

with Hamiltonian H = El o FL^^. 



d{FL o ^. 



A=l 



d{FL o $ 



0(1))^;, 



dt^ 



Let us suppose that $ : T^Q T^Q, locally given by ^{q^,v^^) = {^^ {q^ , v^^) , ^\{q^ , v^^)) 
satisfies the conditions $*a;^ = ojfi and El = ^*El. 

In order to prove (a) and (6) we will use four groups of identities. From the condition 
^*u!f^ = uif^ we obtain the first group of identities: for everY w G T^Q, 



dqidv\ 



dq'^dv^j^ 



dq^dv'-j^ 



<^{w) dq^ 



+ 



dq^dv\ 



<i>{w) dqJ 



^{w) dq^ 



+ 



+ 



dq^ 



dq^ 
dq^ 



0$' 



dv 



D 



(31) 



Applying the chain rule to $ o <i) ^ = Idrpig, we have the second group. 








dq^ 



dq^ 



+ 



B 



+ 



dq^ 



l\k 



4>-i(io) dq^ 



+ 



)b 



dqi 



(32) 
(33) 
(34) 



The third group of identities is a consequence of the following fact: \i (p: [/q C M'^ — > Q is a 
solution to Euler-Lagrange's equations, we know that FLo0(^) : [/g C M'^ ^ {T^)*Q is a solution 
to Hamilton-de Bonder- Weyl's equations (jj]). Then from the local expression of FL, (j27p we 
deduce the following equations. 



dH 



dH 

dq^ 



{FLo<j,m){t) 



{FLo^W){t) 



d{FLo(pWy 



dt^ 



d£_ 



^5(FLo</>(i))^ 



A=l 



dt^ 



d^L 


d(l>> 




d'^L 


d^cj)^ 


dqidv\ 


<t>m(t)'dt^ 


t 


dv-^^dv^ 


^W{t) dt^dt^ 



(35) 
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Since El = ^*El is equivalent to FL*H = (FL o ^)*H, by applying the chain rule again 
and by using the local expression of FL (j27p . we obtain the last family of identities 



dH 



+ 



dH 



FL{w) dp 



FL{w) dq^dvi 



B 



dH 



dq^ {FLo<s>)(w) dq^ 



+- 



dH 



d^L 



dpf (FLo$)(«;) I dq 



dH 



+ 



d'^L 



1 

dH 



FL{w) dv\dv^B 



B 

_ dH 

w dq^ 

d^L , 



dpf {FLo<s>)iw) ydq'^dv^s^'^'^'"^ dv'^ 



{FLo'S>){w) dv\ 
+ 



d^L 



*(«)) dq^ 



(36) 



dv\ 



(37) 



These identities ()36p and (j37p are fundamental to proof of this proposition. Let us observe that 



dH 

in these identities we find the partial derivatives -^r-^ 

dq^ 



and 



dH 



{FLo$o</){l))(t) 

dH 



dq^ 



{FLo4)W){t) 



(FLo$o0(i))(t) " dpf 

we are searching for, and their relation with the other partial derivatives 
dH 

, wich we know from (1351) . 

{FLofli(i))(t) 

By a straightforward computation, from equations (1311 - [33]) . (j35ti37p one proves that 



, which 



and 



dpf 







d^L 



dvjjdv''j^ 



dH 



{$o?i(l))(t) \ dpf 



9$' di/)^ 
(FLo<i>o</)(i))(t) dqi <t>W{t)dt^ 



d¥ 



d^4>^ 



and since L is regular, from the above identity we deduce that 



dH 



{FLo$o</)(i))(t) dq^ 



dpf 

Furthermore we have 

d{FLo^o(j)Wy 

t dqi 



d(f>' 
<t,m{t)'dtA 



^ d^^ 
* dv-'^ 



* dv-'^ 



d'^6^ 



W{t) dt^dt^ 



dt^ 



d<j>> 
4>W{t)dt^ 



5$' 



* dvL 



dt^dt^ 
d^(j^ 



W{t) dt^dt^ 



(38) 



(39) 



and thus from (j38p and (|39p we obtain the first group, (a), of the Hamilton-de Donder-Weyl 
equations. 

Finally, from ([3T|) . ([32]) . ()34ti37p and ([39]) . by a straightforward computation, one obtains 

dH 



^ a(FLo$o )^ 



(FLo4«0(/)(l))(t) 



d'^L /a(FLo$o0(i))^ 

(<fo0(l))(t) I 



Qq-rnQy 



dt^ 



t dp: 



A 



(FLo#0(/)(i))(t) 



(40) 



and since we have already proved (a), from ()40p and (a) one obtains (6). ■ 
Taking into account this proposition, we introduce the following definitions. 

Definition 10 1. A Cartan (or Noether) symmetry of the k-symplectic Lagrangian system 
{T^Q,(jjf, El) is a dijjeomorphism T^Q —>■ T^Q such that, 
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(a) «>*wf = wf, for A = l,...,k. 

(b) ^*El = El (up to a constant). 

If ^ = T^ifi for some (p: Q ^ Q, then the Cartan symmetry <I> is said to be natural. 

2. An infinitesimal Cartan (or Noether) symmetry of the k-symplectic Lagrangian system 
{T^Q,u>f^, El) is a vector field Y € X{T^Q) satisfying that: 

(a) L{Y)ujt = 0,forA = l,...,k. 

(b) uy)EL = 0. 

If Y = Z'~" for some Z G X{Q), then the infinitesimal Cartan symmetry Y is said to be 
natural. 

Proposition 10 Let Y E X{T^Q) be an infinitesimal Cartan symmetry of a k-symplectic La- 
grangian system {T^Q,ujf^, El)- Then, for A = 1, . . . ,k, and for every p E (T^)Q, there is an 
open neighborhood Up 3 p, such that: 

1. There exist f^ eC°°{Up), which are unique up to constant functions, such that 

i{Y)ut = d/^, (on Up) . (41) 

2. There exist G G^{Up), verifying that \j{Y)9f^ = dC,^, on Up; and then 

f^ = i{Y)eL - C^, (up to a constant function, on Up) . (42) 

(Proof) This is the same proof as in Proposition El ■ 

Now we can state the version of Noether's Theorem for infinitesimal Cartan Lagrangian 
symmetries. 

Theorem 3 (Noether's theorem): Let Y G X{T^Q) be an infinitesimal Cartan symmetry of a 
k-symplectic Lagrangian system {T^Q,u>f^, El), then for every p G T^Q, there is an open neigh- 
borhood Up B p, such that the functions f^ = i{Y)9^ — , ^ ^ A < k, define a conservation 
law f={f\...,f^'). 

(Proof) Let Y G X((T^)*Q) be an infinitesimal Cartan symmetry, with local expression 

d d 



Y = Y^-^ + YX ^^^^ 



dcf- dv\ 

Then from (j4ip . as Y is an infinitesimal Cartan symmetry we have that 

d'L d^L \, d-L df^ 

dq^dv\ dq^dv\ J dv^^dv^ dq^ 

d'^L df^ 



Therefore, since Y is an infinitesimal symmetry, from Ij{Y)El = we obtain 

Y^^ = (y^^^ + Y^ \ f45) 
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Let (f) : ^ Q he a. solution to the Euler-Lagrange equations, then from 
l5l) we obtain 



and 



^=1 



2-^ \ fink 



A=l 
k 



dq 



t dv^ 



& 



4>W{t) dt^dt^ 



A=l 



& 



J2 (Y^c^^'Ht)) 
dL 



A=l 



dq^dvK 



<t>W{t) ^ dq' 



^W(t) J dt^ 
, (on Up) . 



Corollary 1 // Z*^ E X(T^(5) is an infinitesimal natural Cartan symmetry of a k-symplectic 
Lagrangian system {T^Q,ujf^, El) then the functions f^ = Z^^{L) — C,^, 1 < A < k, define a 
conservation law on Up. 



(Proof) In this case, we have 

i{z^)et = et{z^) = dL o s^{z^) = dL{z^^] 

and thus the functions f^ of Proposition [10] can be written 

f^ = Z^^{L) -C^ , l<A<k. 



Z^^{L) 



The case k = 1 corresponds to Classical Mechanics, and the above results can be found in 



Remark: The above Noether's theorem can be rewritten introducing the follow- 
ing generalization of the so-called Tulczyjew operator [49j for our case: Let g = 
{g^ , . . . , g'') : Q ^ R'' he a function, we define drg ■ T^Q ^ M by 



(^Tg{viq, . . . , Vkg) = ^ VAg{g^ 



Va 



A=l 



dq' 



Then it is not difficult to prove that the condition Z^ [L) = dy^ is equivalent to the 
conditions 'L{Z'~')9f^ = dT*g'^ and Z'^'(El) = 0. Therefore, by comparing with item 
2 in Proposition [To] we observe that the functions f^ can be written as 

/^ = Z^-^(L)-rV, A = l,...,k. 



Therefore, we have the following proposition, 



Proposition 11 If Z £ ^{Q) and Z^ {L) = dxg, where g = {g^ , . . . , g^): Q 
functions f^ = Z^^{L) — T*g^, 1 < A < k, define a conservation law. 



i'^, then the 
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(Proof) This result is a consequence of Theorem [31 In fact, Z^{L) = dxg is equivalent to 
L(Z^)6'f = dr*ff^, and Z'^\El) = 0, which implies 

L{Z^)iot = and L{Z^)El = , 

that is, Z'-" is an infinitesimal natural Cartan symmetry. Then by Theorem [3l / = (/^, . . . , Z*^) 
is a conservation law. ■ 

In the case k = 1, this statement can be found in [6] and |34| . 
Finally, we also have that: 

Theorem 4 (Noether): //y € X{T^Q) is an infinitesimal Cartan symmetry of a k-symplectic 
Lagrangian system {T^Q,u>f^, Ei) then, for every r = (ri,...,rfc) E X^HT^Q), we have 

L(rA)/^ = (on Up) . 
(Proof) This is the same as for Theorem [21 ■ 

3.4 Equivalent Lagrangians 

Given a /c-symplectic Lagrangian system {T^Q,uj^, El), we know that canonical lifting of diffeo- 
morphisms and vector fields preserve the canonical structures of T^Q- Nevertheless, the k- 
symplectic structure given by the forms ujfi is not canonical, since it depends on the choice 
of the Lagrangian function L, and then it is not invariant by these canonical liftings. Thus, 
given a diffeomorphism T^Q —>■ T^Q or a vector field Y € X{T^Q), a sufficient condition to 
assure the conditions (a) and (b) in definition [TOl would be to demand that $ or y leave the 
canonical endomorphisms and the Liouville vector field A invariant (for instance, $ and Y 
being the canonical lifting of a diffeomorphism and a vector field in Q), and that the Lagrangian 
function L be also invariant. In this way, uj^, El and hence the Euler-Lagrange equations are 
invariant by $ or Y. However, to demand the invariance of L is a strong condition, since there 
are Lagrangian functions that, being different, give rise to the same A:-symplectic structure w^, 
A = 1, . . . ,k, and the same Euler-Lagrange equations. Thus, following the same terminology as 
in mechanics (see jl]), we can define: 

Definition 11 Two Lagrangian functions Li,L2 € C°°(T^(5) are gauge equivalent if 

1. wf^ =u;^^, for A = l,...,k. 

2. Xl{T^Q)=Xl{TlQ). 

Gauge equivalent Lagrangians can be also characterized as follows: 
Proposition 12 Two Lagrangians Li,L2 G C'^{T^Q) are gauge equivalent if, and only if, 

L uj^^ =^t^, for A = l,...,k. 
2. El^ = El2, (up to a constant). 
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{Proof) We will prove that, if wf^ = wf^, for ^ = 1, . . . , A:, then Xl^{TlQ) = X\^{TlQ) is 
equivalent to El^ = El^ (up to a constant). 

If X = (Xi, . . . , Xfe) G {TlQ) = {TlQ), then 

k k 

A=l A=l 
but as u)f^^ = oj^^, this implies that dEi^ = dEi^, and hence El^ = E^^, up to a constant. 

Conversely, if = w^^, and E^^ = E^^ (up to a constant), then for every X = {Xi, . . . , Xk) € 
X^^(riQ), we have 

k k 

= 5^ i{XA)ujl - dEL, = i{XA)^t - d^L. 
A=l A=l 

SO X G ?i\^{TlQ), and in the same way we prove that if X G ^^^(riQ), then X G X|^(r^iQ).B 

For gauge-equivalent Lagrangians, definition [11] guarantees the invariance of the set of k- 
vector fields which are solution to the geometric Euler-Lagrange equations (I28p . Nevertheless, 
this condition is also sufficient to assure the invariance of the set solutions to the Euler-Lagrange 
equations ([22]) . In fact: 

Proposition 13 If the Lagrangian functions Li,L2 G C°°{T^Q) are gauge equivalent then, the 
Euler-Lagrange equations 12^) associated to Li and L2 have the same solutions. 



(Proof) If Li, L2 G C°°{T^Q) are gauge equivalent, then by the Proposition [12] we have: = 
f^^, for A = 1, . . . ,k and Eli = El2, (up to a constant). As = ^^f,^, for A = 1, . . . ,k, from 
251) we deduce that 



d^Li 



d^L2 



dqWv\ dq^dv\ 

Therefore, we obtain 

d (dLi 



and 



d^Li 



d^L2 

dv-'^dv\ 



(46) 



dt^ \ dv 



d'Li 



d^L2 



dq^dv\ 



<t>W{t)dt^ 



0(1) (t) 



d^L2 



+ , . 
* dv^dv\ 



* dv-'^dv^ 



0(1) (i) dt'^dt^ 
d (dL2 



dt^ V dv 



0(1) (i) 



(47) 



dEij dE]^ 

Furthermore, E^-^ = E^^ (up to a constant), then ^ / = ^ / , and from (1261 ) we deduce 



Va 



From (I46p and (1480 we obtain 



dqi 
d^Lo 



dq^dv\ dq^ 



Va- 



dqi 

_ dL2 
dqidv\ dqi 



dLi dL2 



dq^ dq^ 



(48) 



(49) 



and then, from (|47p and ()49p we obtain 



A=l 



/5Li 




dLi 






0(1) (i)) 


dqj 


0(1) (i) 



f dL2 



0(1) (i) 



dLo 



dqo 



0(1) (i) 
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which imphes that (/> : ^ Q is a solution to the Euler-Lagrange equations associated to Li if, 
and only if, it is a solution to the Euler-Lagrange equations associated with L2. ■ 

As a generalization of an analogous result in mechanics (see [1], p 216), we have the following 
results: 

Proposition 14 A Lagrangian L: T^Q K satisfies ojf^ = 0, for every A = 1, . . . ^k, if, and 

only if, there exist a^, . . . ,a'^ G Q^{Q), closed 1- forms on Q and a function f G C°°((5), such 
that L = a + T*f (up to a constant), where a € C°°{T^Q) is the function defined by 

a : T^Q R 

k 

Wq= iv^,...,Vk^) ^ ^(^tivA,) 

A=l 

(Proof) Suppose that ujf^ = —dOf^ = , 1 < A < k, then 0^ = dLo are closed and semi-basic 
1-forms on T^Q, then dL o are basic forms and there exist G f2^{Q) such that 

dL o = r*a^ , l<A<k. (50) 

Moreover, since = dOf^ = d(T*a"^) = T*{da^), then da^ = 0; that is, each is a closed 
1-form on Q. Furthermore, by a computation in local coordinates we obtain da o = T*a^, 
and from ()50p we have daoS^ = T*a = dLoS^. Then d{L — a) oS^ = 0. Therefore, the 1-form 
d(L — a) is closed and semi-basic. As a consequence, d{L — q) is a basic 1-form; that is, there 
exist / G C°°(Q) such that d(L - q) = r*d/ = d(r*/)- Then L = a + t* f (up to a constant). 

Conversely, let us suppose that L = a + t* f (up to a constant). For every A = 1, . . . , k we 
have 

0^ = dLoS^ = d{a + T*f) o = da o 5^ = r*a^ , 
since dr*/ vanishes on the vertical vector fields. As is closed, da^ = and we obtain 

= -d0f = -d(r*a^) = -r*(da^) = . 



Proposition 15 The Lagrangian functions Li, L2 G C°°{T^Q) are gauge equivalent if, and only 
if, Li = L2 + a (up to a constant). 

(Proof) Let us suppose that Li,L2 G C°°(T^Q) are gauge equivalent. As u!^_^ = uj^^, then 
uj^^_L^ = 0,1 < A<k. Thus, by Proposition[Il there exist a\ . . . , a'' G ^^(Q) and / G C°°(Q) 
such that Li — L2 = d + T* f (up to a constant). 

From Proposition [12] we know that El-^ = E^^, (up to a constant), or equivalently, E^-^ — 
El2 = (up to a constant). Therefore, 

= El, - El, = A{Li) - Li - A{L2) + L2 = A{Li - L2) - [Li - L2) 
= A(a -|- T* f) — (Li — L2) = d — (Li — L2) (up to a constant). 

Conversely, let us suppose Li = L2 + a (up to a constant). First, a simple computation gives 

^t-^t = d{Bt^-9t^) = didiLi-L2)oS^) = didaoS^) = d{T*a^) 
= r*(da^) = 0. 
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Thus lVt = 00 r . Furthermore, 

E'lj = A(Li) — Li = A(L2 + a) — (L2 + a) = El^ + a — a = E^^ (up to a constant), 

since A(a) = a. As ojf^^ = u!^^ and E^-^ = E^^ (up to a constant), which means that Li and L2 
are gauge equivalents (see Proposition [T2|) . ■ 

3.5 Lagrangian gauge symmetries 

Bearing in mind the discussion made in the last section, we can define: 
Definition 12 Let [T^Q,Lof^, E^) he a k-symplectic Lagrangian system. 

1. A Lagrangian gauge symmetry is a diffeomorphism <1>: T^Q — > T^Q such that L and $*L 
are gauge- equivalent Lagrangians; that is, ^*L = L + a (up to a constant), a G C^(T^Q) 
being the function defined in Proposition \14\ 

In the particular case where ^*L = L (up to a constant), then ^ is said to be a Lagrangian 
strict symmetry. 

A Lagrangian gauge symmetry is said to be natural if there exists a diffeomorphism (p: Q ^ 
Q such that ^ = {T^)ip. 

2. An infinitesimal Lagrangian gauge symmetry is a vector field Y € X{TQ) whose local flows 
are Lagrangian gauge symmetries. 

In the particular case where lj(Y)L = 0, then Y is said to be an infinitesimal Lagrangian 
strict symmetry. 

An infinitesimal Lagrangian gauge symmetry is said to be natural if there exists a vector 
field Z e X{Q) such that Y = Z'^ , 

Remark: A Lagrangian gauge symmetry $: T^Q T^Q of £^ A:-symplectic La- 
grangian system is not necessarily a Cartan symmetry, since in general 7^ 
for A = 1, ... , k, and ^*El 7^ E^* l, as can be easily proved with a simple calculation 
in coordinates. 

In general we have: 

Lemma 4 Let ip: Q ^ Q be a diffeomorphism and let <I> = T^{f) the canonical prolongation of 
ip. Then: 

(i) = 0^,^, iii) = uj^.L, iiii) ^*El = E^,L . 

(Proof) This is a direct consequence of Lemma[2]and the definition of 9^. In fact, for $ = T^{'p) 
we obtain 

^*qA ^ ^*{dLoSA)=d{^*L)oSA)=ei.j^. 
<I>*a;f = ^*{-det) = -d^*Ot = u:i,L. 

k k 

^*El = $*(^Aa(L)-L) = ^A^($*L)-$*L = E$.L . 

A=l A=l 

■ 

And then we have the following relation between natural Cartan symmetries and natural 
gauge symmetries: 
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Proposition 16 Let {T^Q,uj^, El) be a k-symplectic Lagrangian system. Then, <I>: T^Q —>■ 
T^Q is a natural Cartan symmetry if, and only if, it is a natural Lagrangian gauge symmetry. 

(Proof) If ^ = T^{^) for some diffeomorphism ip: Q ^ Q, by lemma ^ we have that 
therefore 

$*a;f = Lof^ ^ r {u:^*l)a = 

^*El = El ] \ E^,L = El 

that is, <I> is a natural Cartan Lagrangian symmetry if, and only if, L and ^*L are gauge 
equivalent Lagrangians and thus <I> is a natural Lagrangian gauge symmetry. ■ 

This result also holds for infinitesimal Lagrangian symmetries, taking the corresponding local 
flows. 

Finally, we can state a particular version of Noether's theorem for natural Lagrangian strict 
symmetries: 

Theorem 5 (Lagrangian Noether): If Y ^ X{{T^)Q) is an infinitesimal natural Lagrangian 
strict symmetry of a k-symplectic Lagrangian system {T^Q,u>f^, El), with Y = Z'-" , for some 
Z € X{T^Q), then the functions f^ = Z^^{L), for I < A < k, define a conservation law 

/ = (/^•••,/')• 

{Proof) This is a straightforward consequence of the above proposition and corollary [1] since in 
this case, 

dC"^ = L{Y)9t = L{Z^)e^ = , l<A<k. 

■ 

In the case k = 1, the above result can be found in [2l I34j . 

4 Conclusions and outlook 

We analyze several kinds of symmetries that can be defined for Hamiltonian and Lagrangian 
first-order classical field theories, in their /c-symplectic formulation. 

First, we define the concept of symmetry (and infinitesimal symmetry). Second, according 
to Olver, we define conservation laws and investigate the problem of associating conservation 
laws with symmetries. In this way we have considered Cartan symmetries (which preserve 
the fe-symplectic structures and physics; i.e., the Hamiltonian or the energy function) and, in 
particular, those called "natural" , which are canonical liftings of diffeomorphisms or vector fields. 
We prove that Cartan symmetries are symmetries and that there is a natural way of associating 
them with conservation laws by means of Noether's theorem. We state and prove this theorem 
in different situations for the Hamiltonian and Lagrangian cases. 

Finally, we study and characterize gauge equivalent Lagrangians, leading to the introduction 
of Lagrangian gauge symmetries (which transform a Lagrangian into another equivalent one), 
proving that natural Lagrangian gauge symmetries are the same as natural Cartan symmetries, 
and stating the corresponding Noether's theorem. 

Further research will be devoted to extending all these concepts and results to the k- 
cosymplectic formalism of first-order classical field theories. 
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